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ESSENTIALLY DISJOINT FAMILIES, CONFLICT FREE
COLORINGS AND SHELAH’S REVISED GCH
LAJOS SOUKUP
Abstract. Using Shelah’s revised GCH theorem we prove that if µ < iω ≤
λ are cardinals, then every µ-almost disjoint familyA ⊂
[
λ
]iω is essentially
disjoint, i.e. for each A ∈ A there is a set F (A) ∈
[
A
]<|A|
such that the
family {A \ F (A) : A ∈ A} is disjoint.
We also show that if µ ≤ κ ≤ λ are cardinals, κ ≥ ω, and
• every µ-almost disjoint family A ⊂
[
λ
]κ
is essentially disjoint,
then
• every µ-almost disjoint family B ⊂
[
λ
]≥κ
has a conflict-free coloring
with κ colors, i.e. there is a coloring f : λ→ κ such that for all B ∈ B
there is a color ξ < κ such that |{β ∈ B : f(β) = ξ}| = 1.
Putting together these results we obtain that if µ < iω ≤ λ, then every
µ-almost disjoint family B ⊂
[
λ
]≥iω has a conflict-free coloring with iω
colors.
To yield the above mentioned results we also need to prove a certain
compactness theorem concerning singular cardinals.
1. Introduction
The investigation and comparison of properties of almost families of sets has
a long history, see e.g. the ancient paper of Miller, [10], the classical works of
Erdo˝s, Galvin, Hajnal and Rothchild, [1, 3, 4, 2], or the contributions of the next
generation, [6, 7, 8] and [13].
A set system A is µ-almost disjoint iff |A ∩A′| < µ for distinct A,A′ ∈ A.
We say that A ⊂
[
X
]κ
is essentially disjoint (ED, in short) iff for each A ∈ A
there is a set F (A) ∈
[
A
]<κ
such that the family {A \ F (A) : A ∈ A} is disjoint.
M(λ, κ, µ) → ED denotes the statement that every µ-almost disjoint family
A ⊂
[
λ
]κ
is ED.
In [7, Theorems 2 and 5] Komja´th proved the following results:
(A) M(λ, ω, r)→ ED for r < ω;
(B) M(λ, ω2, ω)→ ED under GCH;
(C) M(λ, ω1, ω)→ ED if GCH holds and λ ≤ ℵω;
(D) M(λ, ω1, ω)→ ED if V=L.
Using Shelah’ Revised GCH theorem, in Section 3 we will prove
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(E) M(λ,iω , µ)→ ED for each µ < iω .
If f is a function and A is a set, we let
If (A) = {ξ ∈ ran(f) : |A ∩ f
−1{ξ}| = 1}.
A function f is a conflict free coloring of a set system A iff dom(f) =
⋃
A and
If (A) 6= ∅ for all A ∈ A.
χCF
(
λ, κ, µ
)
≤ ρ
denotes the statement that every µ-almost disjoint familyA ⊂
[
λ
]κ
has a conflict-
free coloring with ρ colors.
In [5] we proved that
(a) χCF
(
λ, κ, r
)
≤ ω for r < ω ≤ κ ≤ λ;
(b) χCF
(
λ, κ, ω
)
≤ ω2 for ω2 ≤ κ ≤ λ under GCH;
(c) χCF
(
λ, κ, ω
)
≤ ω1 for ω1 ≤ κ ≤ λ ≤ ℵω under GCH;
(d) χCF
(
λ, κ, ω
)
≤ ω1 for ω1 ≤ κ ≤ λ if V=L.
In [8, Corollary 2] Komja´th improved (a) by showing
(a∗) χCF
(
λ,≥ ω, r
)
≤ ω for r < ω ≤ κ,
i.e every r-almost disjoint family A ⊂
[
λ
]≥ω
, where r ∈ ω, has a conflict free
coloring with ω colors.
In this paper we will show
(b∗) χCF
(
λ,≥ ω2, ω
)
≤ ω2 under GCH;
(c∗) χCF
(
λ,≥ ω1, ω
)
≤ ω1 if GCH holds and λ ≤ ℵω;
(d∗) χCF
(
λ,≥ ω1, ω
)
≤ ω1 if V=L;
(e∗) χCF
(
λ,≥ iω, ν
)
≤ iω for each ν < iω .
We do not need to present four proofs, because the following implication holds
between essential disjointness and conflict free colorings:
M(λ, κ, µ)→ ED implies χCF
(
λ,≥ κ, µ
)
≤ κ, (1)
see Corollary 4.2.
To prove our results, in section 2 we formulate a theorem which is a poor
relative of Shelah’s Singular Cardinal Compactness Theorem ([11, Theorem 2.1]).
Our notation is standard, see e.g. [9].
If X is a set and κ is a cardinal, then write
[
X
]≥κ
= {A ⊂ X : |A| ≥ κ}.
If 〈Xα : α < σ〉 is a sequence of sets, we will often write X<α =
⋃
β<αXα,
X≤α =
⋃
β≤αXα, etc.
2. Poor man’s singular cardinal compactness
Both the formulation and the proof of the following statement use the ideas
of Shelah’s Singular Cardinal Compactness theorem (see [11, Theorem 2.1]).
A set system G is χ-chain closed iff
⋃
α<χGα ∈ G for any⊆-increasing sequence
〈Gα : α < χ〉 ⊂ G.
Theorem 2.1. Assume that λ is a singular cardinal and G ⊂
[
λ
]<λ
. If for some
cardinals χ ≤ µ < λ,
(◦) the set G ∩
[
λ
]ν
is χ-chain closed and cofinal in
[
λ
]ν
for each µ ≤ ν < λ,
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then there is a continuous, increasing sequence 〈Gξ : ξ < cf(λ)〉 ⊂ G such that⋃
ξ<cf(λ)Gξ = λ.
Proof of Theorem 2.1. For each Y ∈ λ with µ ≤ |Y | < λ by (b) we can pick
G(Y ) ∈ G ∩
[
λ
]|Y |
with G(Y ) ⊃ Y .
Let 〈λζ : ζ < cf(λ)〉 be a strictly increasing, continuous and cofinal sequence
of cardinals in λ with λ0 > µ, χ, cf(λ).
By transfinite induction on n < χ we will define sets
〈Yζ,n : ζ < cf(λ), n < χ〉 ⊂
[
λ
]<λ
such that
(A) |Yζ,n| = λζ ,
(B) the sequences 〈Yζ,n : ζ < cf(λ)〉 are increasing and continuous,
(C) G
(⋃
m<n Yζ,m
)
⊂ Yζ,n,
as follows (see Figure 1).
Let Yζ,0 = λζ for ζ < cf(λ).
Assume that the family
〈Yζ,m : ζ < cf(λ),m < n〉 ⊂
[
λ
]<λ
is defined.
Let
Bζ,n = G
( ⋃
m<n
Yζ,m
)
,
and write
Bζ,n = {bζ,n(i) : i < λζ}
for ζ < cf(λ), and for ξ < cf(λ) let
Yξ,n = {bζ,n(i) : ζ < cf(λ), i < λξ}.
Since the sequence 〈λζ : ζ < cf(λ)〉 was continuous, the sequence 〈Yζ,n : ζ < cf(λ)〉
is also continuous, so (B) holds.
(A) and (C) are clear from the construction because cf(λ) < λ0.
Let
Gξ =
⋃
n<χ
Yξ,n.
for ξ < cf(λ).
To check Gξ ∈ G it is enough to observe that
Gξ =
⋃
n<χ
G(Yξ,n).
because the sequence 〈G(Yξ,n) : n < χ〉 ⊂ G ∩
[
λ
]λξ is ⊆-increasing and G ∩ [λ]λξ
is χ-chain closed.
By (B) we have Yζ,n ⊂ Yξ,n for ζ < ξ < cf(λ), and so Gζ ⊂ Gξ.
Since λζ ⊂ Gζ , we also have
⋃
ξ<cf(λ)Gξ = λ.
Finally assume that ξ < cf(λ) is a limit ordinal. Then
Gξ =
⋃
n<χ
Yξ,n =
⋃
n<χ
( ⋃
ζ<ξ
Yζ,n
)
=
⋃
ζ<ξ
( ⋃
n<χ
Yζ,n
)
=
⋃
ζ<ξ
Gζ ,
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χ G0 ⊂ Gζ
Y0,1 ⊂
⋃
Yζ,1
continuous //
⋃
G(Y0,0) ∈ G
⋃
G(Yζ,0) ∈ G
⋃
Y0,0
⋃
. . . Yζ,0
⋃
continuous //
OO
// cf(λ)
Figure 1.
so the sequence 〈Gξ : ξ < cf(λ)〉 is continuous, which was to be proved. 
3. Families of sets of size iω
Definition 3.1. If ν ≤ ρ are cardinals, then write
ρ[ν] = ρ
iff there is a family B ⊂
[
ρ
]≤ν
of size ρ such that for all u ∈
[
ρ
]ν
there is
P ∈
[
B
]<ν
such that u ⊂ ∪P .
Shelah’s Revised CGH Theorem ([12, Theorem 0.1]).
If ρ ≥ iω, then ρ[ν] = ρ for each large enough regular cardinal ν < iω.
Lemma 3.2. Fix µ < iω. Then for each ρ ≥ iω there is a regular ν(ρ) < iω
such that if A ⊂
[
ρ
]ν(ρ)
is µ-almost disjoint, then |A| ≤ ρ.
Proof of lemma 3.2. Let µ < ν < iω be regular such that ρ
[ν] = ρ witnessed by
a family B ⊂
[
ρ
]ν
. We show that ν(ρ) = ν works.
If A ∈ A, then there is B ∈ B such that A∩B = ν. If A0, A1 ∈ A are distinct,
and |A0∩B| = |A1∩B| = ν then A0∩B 6= A1∩B because A is µ-almost disjoint.
So
|{A ∈ A : |A ∩B| = ν}| ≤ 2|B| ≤ 2ν < iω.
Thus |A| ≤ iω · |B| = ρ.

Lemma 3.3. If λ > iω > µ, and {Aα : α < τ} ⊂
[
λ
]iω
is a µ-almost
disjoint family, then τ ≤ λ, and there is an increasing, continuous sequence
〈Gζ : ζ < cf(λ)〉 ⊂
[
λ
]<λ
such that
∀ζ < cf(λ) ∀α ∈ Gζ+1 \Gζ ( |Aα ∩Gζ | < iω and Aα ⊂ Gζ+1 ). (2)
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Proof. Applying lemma 3.2 for ρ = λ we have |τ | ≤ λ. So we can assume that
τ = λ.
We should distinguish two cases.
Case 1. λ is a regular cardinal
Denoting by Card the class of cardinals, pick a cardinal µ < ν < iω such
that
B = {ρ ∈ Card ∩ λ : ν(ρ) = ν}
is cofinal in Card ∩ λ. (If λ = σ+ is a successor cardinal, then B = {σ} and
ν = ν(σ) work.)
Let
B∗ = {ζ < λ : |ζ| ∈ B},
and for ζ ∈ B∗ let
f(ζ) = A<ζ ∪ {α : |Aα ∩ ζ| ≥ ν}.
Since the family {Aα ∩ ζ : |Aα ∩ ζ| ≥ ν} ⊂
[
ζ
]≥ν
is µ-almost disjoint, by Lemma
3.2 we have |f(ζ)| ≤ |ζ|. Let
D = {δ < λ : cf(δ) = ν+, sup(B∗ ∩ δ) = δ ∧ (∀ζ ∈ B∗ ∩ δ) f(ζ) ⊂ δ}.
Since B∗ is cofinal in λ, ν+ ≤ iω < λ and f : B∗ →
[
λ
]<λ
, the set D is also
cofinal in λ, and
∀δ ∈ D( ∀α < δ Aα ⊂ δ ∧ ∀α ∈ (λ \ δ) |Aα ∩ δ| < ν).
Indeed, if |Aα ∩ δ| ≥ ν, then there is ζ ∈ B∗ ∩ δ with |Aα ∩ δ| ≥ ν for cf(δ) = ν+,
and then α ∈ f(ζ) ⊂ δ by the definition of f .
Thus we also have
∀γ ∈ D′( ∀α < γ Aα ⊂ γ ∧ ∀α ∈ (λ \ γ) |Aα ∩ γ| < iω). (3)
Indeed, if |Aα ∩ γ| = iω, then there is δ ∈ D ∩ (γ + 1) with |Aα ∩ δ| ≥ ν, and so
Aα ⊂ δ.
Let {γζ : ζ < λ} be the increasing enumeration of the club set D′. Then the
choice Gζ = γζ works by (3).
Case 2. λ > cf(λ) is a singular cardinal.
Let
G = {G ∈
[
λ
]<λ
: |G| ≥ iω ∧ (∀α ∈ G) Aα ⊂ G∧ (∀α ∈ λ\G) |Aα∩G| < ν(|G|}.
If iω ≤ ρ < λ, then ν(ρ) > ω is a regular cardinal, so the family G ∩
[
λ
]ρ
is
ω-chain closed.
Next we show that the set G ∩
[
λ
]ρ
is cofinal in
[
λ
]ρ
for all iω ≤ ρ < λ.
Indeed, let Y ∈
[
λ
]ρ
. Define an increasing sequence 〈Yn : n < ω〉 ⊂
[
λ
]ρ
as
follows:
(i) Y0 = Y ,
(ii) for 1 ≤ n < ω let
Yn = Y<n ∪
⋃
{Aα : α ∈ Yn−1} ∪ {α : |Y<n ∩Aα| ≥ ν(ρ)}.
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We are to show that G =
⋃
n<ω Yn ∈ G ∩
[
λ
]ρ
.
By induction on n we obtain |Yn| = ρ because |{α : |Y<n ∩ Aα| ≥ ν(ρ)}| ≤ ρ
by lemma 3.2. So |G| = ρ.
If α ∈ G, then α ∈ Yn for some n, and so Aα ⊂ Yn+1 ⊂ G.
If |Aα ∩G| ≥ ν(ρ), then |Aα ∩ Yn| ≥ ν(ρ) for some n < ω because cf(ν(ρ)) =
ν(ρ) > ω. So α ∈ Yn+1 ⊂ G.
Thus we proved G ∈ G and so G ∩
[
λ
]ρ
is really cofinal in
[
λ
]ρ
.
So we can apply Theorem 2.1 to obtain the required sequence 〈Gζ : ζ < cf(λ)〉.

Theorem 3.4. M(λ,iω , µ)→ ED whenever ν < iω ≤ λ.
Proof. We prove the theorem by induction on λ. If λ = iω , then applying lemma
3.2 for ρ = iω we have |A| ≤ iω , so the statement is clear.
Assume now that λ > iω and we proved the theorem for λ
′ < λ.
Let A ⊂
[
λ
]iω
be µ-almost disjoint. By lemma 3.2, |A| ≤ λ, so we can write
A = {Aα : α < λ}.
By lemma 3.3 there is an increasing, continuous sequence {Gζ : ζ < cf(λ)} ⊂[
λ
]<λ
which satisfies the (2).
For ζ < cf(λ) write
Xζ = Gζ+1 \Gζ and Aζ = {Aα ∩Xζ : α ∈ Xζ}.
Then Aζ ⊂
[
Xζ
]iω
is µ-almost disjoint, so by the inductive assumption there
are set Fζ(Aα) ∈
[
Aα
]<iω
for α ∈ Xζ such that the family
{(Aα ∩Xζ) \ Fζ(Aα) : α ∈ Xζ}
is disjoint. Let
F (Aα) = Fζ(Aα) ∪ (Aα ∩X<ζ)
for α ∈ Xζ . Then |F (Aα)| < iω , and the sets
{Aα \ F (Aα) : α < λ}
are disjoint.

4. Essential disjointness and conflict free colorings
We say that a set system A is κ-hereditary essentially disjoint, (κ-hED, in
short) iff for each function H with dom(H) = A and H(A) ∈
[
A
]κ
for A ∈ A,
the family {H(A) : A ∈ A} is ED.
A κ-hED family is clearly κ-almost disjoint.
Theorem 4.1. Let λ ≥ κ ≥ ω be cardinals and A ⊂
[
λ
]≥κ
be a family of sets.
If
• A is κ-hereditarily essentially disjoint,
then
◦ there is a coloring c : λ→ κ such that |Ic(A)| = κ for all A ∈ A.
Corollary 4.2. Let µ ≤ κ ≤ λ be cardinals, κ ≥ ω. If
ESSENTIALLY DISJOINT AND CONFLICT FREE 7
(∗λ) every µ-almost disjoint family A ⊂
[
λ
]κ
is ED,
then
(⋆λ) for each µ-almost disjoint family A ⊂
[
λ
]≥κ
there is a coloring f : λ → κ
such that |If (A)| = κ for all A ∈ A, and so χCF
(
λ,≥ κ, µ
)
≤ κ.
In the inductive proof of Theorem 4.1 we will use the following observation on
decomposability of κ-hED families.
Theorem 4.3. If λ > κ ≥ ω are cardinals, and A = {Aα : α < λ} ⊂
[
λ
]≥κ
is a
κ-hED family, then there is a partition {Xζ : ζ < cf(λ)} ⊂
[
λ
]<λ
of λ such that
(M1) Aα ∩ Aα′ ⊂ X≤ζ for distinct α, α′ ∈ X≤ζ .
(M2) |Aα ∩X<ζ | < κ for all α ∈ Xζ ,
(M3) |Aα ∩Xζ | ≥ κ for all α ∈ Xζ ,
Proof of Theorem 4.3. We should distinguish two cases.
Case 1. λ is regular.
For each A ∈ A, let H(A) be the first κ many elements of A. Since the family
{H(A) : A ∈ A} is ED, there is an injective function f on A with f(A) ∈ H(A).
Fix a large enough regular cardinal θ, and let 〈Nζ : 1 ≤ ζ < λ〉 be a strictly
increasing continuous sequence of elementary submodels of 〈Hθ,∈〉 such that
(i) κ+ ζ ⊂ Nζ ∩ λ ∈ λ and |Nζ | = κ+ |ζ|,
(ii) 〈Aα : α < λ〉 , H, f ∈ N1.
(iii) Nζ ∈ Nζ+1.
Write N0 = ∅.
For ζ < cf(λ) let
Xζ = (Nζ+1 \Nζ) ∩ λ.
(M1) is clear because Nζ+1 is an elementary submodel, X≤ζ = Nζ+1 ∩ λ, and
κ+ 1 ⊂ Nζ+1.
To check (M2), assume that α < λ with |Aα ∩X<ζ | = κ. Since H(Aα) is the
first κ many elements of Aα, and X<ζ = Nζ ∩ λ is an initial segment of λ, we
have H(Aα) ⊂ Nζ . So η = f(Aα) ∈ H(Aα) ⊂ Nζ . But α is definable from f ,
〈Aα : α < λ〉 and η, because f was injective. So α ∈ Nζ ∩ λ = X<ζ .
To check (M3) assume that α ∈ (Nζ+1 \ Nζ) ∩ λ. Then |Aα ∩ Nζ+1| ≥ κ
because Nζ+1 is an elementary submodel and κ+1 ⊂ Nζ+1. On the other hand,
|A ∩Nζ | < κ by (M2), so |Aα ∩ (Nζ+1 \Nζ)| = κ.
Case 2. λ is singular.
Let
χ =
{
ω cf(κ) 6= ω,
ω1 cf(κ) = ω.
We say that Y ⊂ λ is good if (G1)-(G3) below hold:
(G1) if α 6= β ∈ Y , then Aα ∩ Aβ ⊂ Y ,
(G2) if α ∈ Y then |Aα ∩ Y | ≥ κ,
(G3) if |Aα ∩ Y | ≥ κ then α ∈ Y .
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Let
G = {Y ∈
[
λ
]<λ
: Y is good}.
Lemma 4.4. G ∩
[
λ
]ν
is χ-chain closed for max(κ, cf(λ), χ) < ν < λ.
Proof. Assume that 〈Yn : n < χ〉 ⊂ G ∩
[
λ
]ν
is increasing.
(G1) and (G2) are clear.
To check (G3) assume that |Aα ∩
⋃
n<χ Yn| ≥ κ. Since cf(κ) 6= χ, there is
n < χ with |Aα ∩ Yn| = κ, and so α ∈ Yn. 
Lemma 4.5. G ∩
[
λ
]ν
is cofinal in
[
λ
]ν
for max(κ, cf(λ), χ) < ν < λ.
Proof of the Lemma. Let Y ∈
[
λ
]ν
.
For each A ∈ A pick H(A) ∈
[
A
]κ
.
Define an increasing sequence 〈Yn : n < χ〉 ⊂
[
λ
]ν
as follows:
(i) Y0 = Y ,
(ii) for 1 ≤ n < χ let
Yn = Y<n ∪
⋃
{Aα ∩ Aβ : α 6= β ∈ Y<n}∪⋃
{H(Aα) : α ∈ Y<n} ∪ {α : |Y<n ∩ Aα| ≥ κ}.
Let G =
⋃
n<χ Yn. We are to show that G ∈ G ∩
[
λ
]ν
.
Since |Yn| ≤ |Y<n|+κ by inequality (5), we have ν ≤ |Y | ≤ |G| ≤ |Y |+κ+χ =
ν.
Properties (G1) and (G2) are straightforward from the construction.
To check (G3) assume that |Aα∩G| ≥ κ. Since cf(κ) 6= χ, there is n < χ with
|Aα ∩ Yn| = κ, and so α ∈ Yn+1 ⊂ G. 
By Theorem 2.1 there is a continuous, increasing sequence 〈Gξ : ξ < cf(λ)〉 ⊂ G
such that
⋃
ξ<cf(λ)Gξ = λ.
Now for ζ < cf(λ) let
Xζ = Gζ+1 \Gζ .
Clearly |Xζ | ≤ |Gζ | < λ. The sequence 〈Gξ : ξ < cf(λ)〉 was continuous, so
the family {Xζ : ζ < cf(λ)} is a partition of λ.
Since Gζ ∈ G we have
|Aα ∩Gζ | ≥ κ iff α ∈ Gζ . (4)
(M1) is clear because X≤ζ = Gζ+1 ∈ G and (G1) holds for Gζ+1 .
To check (M2) assume that α ∈ Xζ , and so α /∈ Gζ . Thus |Aα ∩ Gζ | < κ by
(4). But Gζ = X<ζ , so (M2) holds.
To check (M3) assume that α ∈ Xζ . Then α ∈ Gζ+1 \Gζ and so applying (4)
twice we obtain
|Aα ∩Gζ+1| ≥ κ ∧ |Aα ∩Gζ | < κ.
So |Aα ∩Xζ | ≥ κ.
So we proved Theorem 4.3. 
Proof of Theorem 4.1. Let I be a principal ideal on κ with
[
κ
]<κ
⊂ I. We prove
the following stronger statement:
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(•λ) If a family A ⊂
[
λ
]≥κ
is κ-hED, and F : λ→ I, then there is a function
c : λ→ κ such that
(I1) c(ξ) /∈ F (ξ) for ξ ∈ λ,
(I2) |Ic(A)| = κ for all A ∈ A.
If Y ⊂ λ, then consider the family
A⌈Y = {A ∈ A : |A ∩ Y | ≥ κ},
and for each A ∈ A⌈Y pick H(A) ∈
[
A ∩ Y
]κ
. Since A is κ-hED, the family
{H(A) : A ∈ A⌈Y } ⊂
[
Y
]κ
is essentially disjoint, so
|A⌈Y | ≤ |Y |. (5)
Especially, |A| ≤ λ, and so we can write A = {Aα : α < λ}.
We prove (•λ) by induction on λ.
If λ = κ, then let c : λ → κ be any injective function such that c(ξ) /∈ F (ξ)
for ξ ∈ λ. Then Ic(A) = c′′A ∈
[
κ
]κ
for all A ∈ A.
Assume now that λ > κ and (•λ′) holds for λ′ < λ.
Apply Theorem 4.3 for the family {Aα : α < λ} to find a partition {Xζ : ζ <
cf(λ)} ⊂
[
λ
]<λ
of λ satisfying (M1)–(M3).
Let Aζ = {Aα : α ∈ Xζ} ∈
[
A
]<λ
for ζ < cf(λ).
By recursion, for each ζ < cf(λ) we define a function
cζ : Xζ → κ
and a function Gζ : Aζ → I ∩
[
κ
]κ
such that
Gζ(Aα) ⊂ Ic≤ζ (Aα) for all α ∈ Xζ (6)
as follows.
Assume that we have defined 〈cη : η < ζ〉 and 〈Gη : η < ζ〉.
If x ∈ Xζ then there is at most one α ∈ X<ζ with x ∈ Aα by (M1). Define
Fζ : Xζ → I as follows:
Fζ(x) =
{
F (x) ∪Gη(Aα) if x ∈ Aα ∈ Aη for some η < ζ,
F (x) otherwise.
Then, by the inductive assumption (•|Xζ |) , there is a function
cζ : Xζ → κ
such that
cζ(x) /∈ Fζ(x) for x ∈ Xζ , and |Icζ (Aα)| = κ for all Aα ∈ Aζ .
If Aα ∈ Aζ , then |Aα ∩X<ζ | < κ by (M2), and so |Icζ (Aα)| = κ implies
|Ic≤ζ (Aα)| = κ.
Since I is a principal ideal, we can pick Gζ(Aα) ∈ I ∩
[
Ic≤ζ (Aα)
]κ
.
Finally take c = ∪{cζ : ζ < cf(λ)}.
Then c witnesses (•λ). (I1) is clear from the construction. As for (I2),
assume that Aα ∈ Aζ . Then Gζ(Aα) ⊂ Ic≤ζ (A) by (6), and if x ∈ Aα \ X≤ζ ,
then c(x) /∈ Gζ(Aα). So Gζ(Aα) ⊂ Ic(A) as well.
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So we completed the proof of Theorem 4.1. 
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